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Abstract 

In this paper, we give Darboux approximation for dual Smarandache curves of timelike curve on unit dual 
Lorentzian sphere $?. Firstly, we define the four types of dual Smarandache curves of a timelike curve 
4(s) lying on dual Lorentzian sphere $?. Then, we obtain the relationships between the dual curvatures 
of timelike curve &(s) and its dual Smarandache curves. Finally, we give an example for Smarandache 


curves of a timelike curve on unit dual Lorentzian sphere $?. 
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1. Introduction 


In the dual Lorentzian space D}, a differentiable timelike curve lying fully on unit dual Lorentzian sphere $? 
represents a spacelike ruled surface which is a surface generated by moving of a spacelike line L along a curve 
a(s) in E? and has the parametrization (s, uv) = a(s) + u i(s), where &(s) is called generating curve and i(s), the 
direction of the spacelike line L, is called ruling. 

In the study of the fundamental theory and the characterizations of space curves, the special curves are an 
important problem. The most mathematicians studied the special curves such as Mannheim curves and Bertrand 
curves. Recently, a new special curve which is called Smarandache curve is defined by Turgut and Yilmaz in 
Minkowski space-time [9]. Ali have studied Smarandache curves in the Euclidean 3-space £?[1]. Then, Kahraman 
and Ugurlu have studied dual Smarandache curves of lying curves on unit dual sphere $? in dual space D? [5]. 

In this paper, we give Darboux approximation for dual Smarandache curves of timelike curve on unit dual 
Lorentzian sphere $?. Firstly, we define the four types of dual Smarandache curves of a dual timelike curve 
&(s) on S?. Then, we obtain the relationships between the dual curvatures of dual timelike curve a(s) and its 
dual Smarandache curves. Finally, we give an example for Smarandache curves of a timelike curve on unit dual 
Lorentzian sphere $3. 


2. Preliminaries 


Let R} be a 3-dimensional Minkowski space over the field of real numbers R with the Lorentzian inner product 
(,) given by (@,@) = —a,b, + agb2 + a3b3, where @ = (a4, a2, a3) and b = (bi, b2, b3) € R3. A vector 
ad = (41, @2, a3) of R? is said to be timelike if (@,@) < 0, spacelike if (@,@) > 0 or @ = 0, and lightlike (null) if 
(a@,a@) = Oand @ ¥ 0. Similarly, an arbitrary curve @(s) in R? is spacelike, timelike or lightlike (null), if all of its 
velocity vectors a’(s) are spacelike, timelike or lightlike (null), respectively [7]. The norm of a vector @ is defined by 
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\|a\| = 1G, a |. Now, let @ = (a1, a2, a3) and b = (bj, bz, bs) be two vectors in R?. Then the Lorentzian cross 
product of @ and bis given by a x b= (a2b3 —agbe2 , a1b3 — a3b1, a2 b; — a1b2 ) . By using this definition it can be 
easily shown that (a x b, é) = — det(4, b, é) [11]. 

The sets of the unit timelike and unit spacelike vectors are called hyperbolic unit sphere and Lorentzian unit 
sphere, respectively, and denoted by 
Hg = {a = (ai, a2, a3) € R} : (d, @) = —1} 
and 
S? = {@ = (a1, a2, a3) ER}: (aa) = 1}, respectively [11]. 7 

Let D=RxR= {@= (a,a*): a,a* € R} be the set of pairs (a, a*). For @ = (a, a*), b = (6, b*) € D the following 
operations are defined on D: 

Equality : a bea=b, at =o" 

Addition: 4+ b= (a+b, a* +0*) 

Multiplication : ab = (ab, ab* + a*b) 

Then the element ¢ = (0,1) € D satisfies following relationships ¢ 4 0, <” = 0,e1 = le =e. 

Let consider the element a € D of the form @ = (a,0). Then the mapping f : D — R, f(a,0) = ais 
an isomorphism. So, we can write a = (a,0). By the multiplication rule we have that @ = a+ ¢a*. Then 
a = a-+ea* is called dual number and ¢ is called unit dual. Thus the set of dual numbers is given by D = 
{a=a+ea*: a,a* €R, ec? =0}. The set D forms a commutative group under addition. The associative laws 
hold for multiplication. Dual numbers are distributive and form a ring over the real number field [4]. 

Dual function of dual number presents a mapping of a dual numbers space on itself. Properties of dual functions 
were thoroughly investigated by Dimentberg [3]. He derived the general expression for dual analytic (differentiable) 
function as follows f(Z) = f(a +ea*) = f(x) + ea* f’(x), where f’(x) is derivative of f(x) and z,2* € R. This 
definition allows us to write the dual forms of some well-known functions as follows 


cosh(#) = cosh(x% + ex*) = cosh(x) + ex* sinh(z), 
sinh(Z) = sinh(x + ex*) = sinh(«) + ex* cosh(z). 


Let D? = D x D x Dbe the set of all triples of dual numbers, ie., 
D? = {4 = (G1, G2, a3) : a; € D, i=1,2,3}. 


Then the set D? is called dual space. The elements of D® are called dual vectors [2,4]. Similar to the dual numbers, 
a dual vector @ may be expressed in the form a = @ + ea* = (a, a*), where @ and a* are the vectors of real space 
R°. Then for any vectors @ = d@ + <@* and b = b + eb* of D®, scalar product and cross product are defined by 
(a,b) = (a,b) +E ((a,5") + (a*,b)) andaxb=@xb+e (ax bY + a x b), where (a,b) and @ x b are inner 
product and cross product of the vectors @ and 6 in R, respectively. 

The norm of a dual vector 4 is given by ||4|| = ||a|| +45", (@ #0). 

A dual vector a with the norm 1 + ¢0 is called unit dual vector. The set of unit dual vectors is given by 
= {a = (G1, @2,43) € D3: (4, a)=14+ c0} and called unit dual sphere (For details [2,4,12]). 

The Lorentzian inner product of two dual vectors @ = @ + €a*, b = b+eb* € D? is defined by (a, b) = 


(a, b) se ((a, i) + (a*, b)) , where (a, b) is the Lorentzian inner product of the vectors @ and b in the 
Minkowski 3-space R}. Then a dual vector @ = @ + ¢€@* is said to be timelike if @ is timelike, spacelike if @ is 
spacelike or @ = 0 and lightlike (null) if @ is lightlike (null) and d ¥ 0 [10]. 

The set of all dual Lorentzian vectors is called dual Lorentzian space and it is defined by 
Di={@=G+ea*: Ga € Rj}. 

The Lorentzian cross product of dual vectors a,b € D3 is defined by a x b=a@xbt+e(ax bY +a* x b), where 
@ x bis the Lorentzian cross product in R3. 

Let @ = @+ €a* € D}. Then Gis said to be dual timelike (resp. spacelike) unit vector if the vectors @ and a* 
satisfy the following equations: < d,@ >= —1 (resp. < G,@ >= 1), <a, a* > = 0. The set of all dual timelike 
unit vectors is called the dual hyperbolic unit sphere, and is denoted by H3, 


Hg = {a = (G1, G2, @3) € D}: (4,4) =-1+ 0} 


Similarly, the set of all dual spacelike unit vectors is called the dual Lorentzian unit sphere, and is denoted by $?, 
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S? = {@ = (@1, G2, 3) € Di: (4,4) =1+60}. 
(For details see [10]). 


3. Dual Representation and Dual Darboux Frame of a Spacelike Ruled Surface with 
Spacelike Ruling 


In the Minkowski 3-space R?, there exists a one-to-one correspondence between the spacelike vectors of unit 
dual Lorentzian sphere $? and the directed spacelike lines of the Minkowski space R} [10]. This correspondence 
is known as E. Study Mapping. By the aid of this correspondence, the geometry of spacelike ruled surfaces is 
represented by the geometry of dual timelike curves lying on the unit dual Lorentzian sphere $?. 

Let now (é) be a dual timelike curve lying on $? represented by the unit dual spacelike vector é(u) = é(u)+eé*(u). 
Then, the given dual curve (é) corresponding to the spacelike ruled surface y. = ¢(s) + vé(s) may be represented 
by é(s) = €+ ex &, where (é, é) = 1, (&, &) = —1, (2, &) = 0 and Cis the position vector of the striction curve. 

The derivatives of the vectors of dual frame {é,f, 7} of a timelike ruled surface are given as follows, 


de 2 @ 2... @@ x 
and called dual Darboux formulae of spacelike ruled surface é(or y..). Then the dual Darboux vector of the trihedron 
isd = —7é4+ g. 
Dual curvature of the ruled surface is 
Y=y—e(6+7A) (3.2) 


where 7 is conical curvature, A = det(@, é,t) and 6 = (2, é). 

The functions y(s), 6(s)and A(s) are the invariants of the spacelike ruled surface y.. They determine the 
spacelike ruled surface uniquely up to its position in the space. For example, if 6 = A = 0 we have Gis constant. It 
means that the spacelike ruled surface y, is a spacelike cone. 

Dual radius of curvature of dual timelike curve lying on $? (spacelike ruled surface) é(s) is can be calculated 
analogous to common Lorentzian differential geometry of curves as follows 


R — | is I" = 1 (3 3) 
dé y, dé =D 
las <aell VI+7? 
The unit vector d, with the same sense as the Darboux vector d = —7é + g is given by 
~ y : 1 y 
Y1l1+7 VW1+7 
Then, the dual angle between d, and é satisfies the followings, 
= y ee 1 
cos p = -—==—.,,_ sinp = ———— (3.5) 
Ve a Lae 
where f is the dual spherical radius of curvature. Hence, 
R=sinp and y= -—cotp (3.6) 


[8]. 


4. Dual Smarandache Curves of a Timelike Curve lying on $? 


In this section, we first define the four different types of the Smarandache curves of a dual timelike curve lying 
on unit dual Lorentzian sphere in D}. Then by the aid of dual Darboux frame, we give the characterizations between 
these dual timelike curve 4(5) (or spacelike ruled surfaces) and its Smarandache curves. Since dual spherical curves 
correspond to timelike or spacelike ruled surfaces, the dual Smarandache curves can be also called Smarandache 
ruled surfaces. Then, using the found results and relationships we study the developable of the corresponding 
ruled surface and its Smarandache ruled surface. 
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Dual Smarandache ét -curves of a timelike curve lying on S? 
Definition 4.1. Let @ = 4(8) be a unit speed regular dual timelike curve lying fully on unit dual Lorentzian sphere 
S? and {é,t,g} be its moving dual Darboux frame. The dual Smarandache curves defined by 


— da, = V2e+t ii) G2 = é+ V2t ; ; 
are called the dual Smarandache ét-curves of dual timelike curve @. Dual curves @ and @» fully lies on Hj and $?, 
respectively. 


Now we can give the relationships between & and its dual Smarandache ét-curves as follows. 


Theorem 4.1. Let @ = @(8) be a unit speed regular dual timelike curve lying on unit dual Lorentzian sphere $?. Then the 
relationships between the dual Darboux frames of & and its dual Smarandache ét-curves are given by 


F V2 1 0 : : 1 V2 0 : 

ae 1 v2 z : 2 v2 l y2¥ . 

)| t J=| Vet Vr-1 VWe=1 t Jim) to =| Vest Vers \/e9247 t 

91 =y =Vv24 =1 g g2 27 V24 =1 g 
VP-1 V7? -1 W7?-1 V277241 247241 29741 


(4.1) 
where ¥ is as given in (3.2). 


Proof. i) Let us investigate the dual Darboux frame fields of dual Smarandache éf-curve according to @ = A(3). 
Since a1 = €1, we have 


é =V2é+t (4.2) 
Differentiating (4.2) with respect to 8, we get 
and hence 
a (E+ v2i+ 75) (4.3) 


Vai 


di = ee a a 
where “+ = \/7? — 1. Thus, sinceg, = €1 x t1, we have 


g. (4.4) 


From (4.2)-(4.3) we have (4.1). 
The proof of the statement (ii) can be given by the same way of the proof of statement (i). 


Theorem 4.2. The relationships between the dual Darboux formulae of dual Smarandache ét-curves and dual Darboux frame 
of & are as follows 


dei L a 

ds, y2-1 V-1 Az e 
ip} a — | =v24+Vv97-77  -1-Vv 277 V27°—V24-7 t (4.5) 

de Gi Gey a. 

on Y+v2q—-VeyP BH! 29° 425 29? 294497 g 

* (7-1)? (7-1)? (7-1)? 
ae f2 1 V247 
do V27741 V277+1 VJ 27741 e€ 
ii) diz _ 277 -2,/297/41 — 297 4+3V27742V2774+V2 9 2994947297’ i 
qe QP+? (Q741? QP+I? i" 
ee 227° + /27427' 27 +9427 W274 4/277 +297 g 
(27?+1)? (242+1)? (29741)? 


Proof. i) Differentiating (4.2), (4.3) and (4.4) with respect to s, we have the desired equation (4.2). 
The proof of the statement (ii) can be given by the same way of the proof of statement (i). 
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Theorem 4.3. Let @ = &(3) be a unit speed regular dual timelike curve on unit dual Lorentzian sphere S?. Then the 
relationships between the dual curvatures of & and its dual Smarandache ét-curves are given by 


—7 — 27 4+ 293 ay ~W2A — 7 — 278 


oe (a7? +)? 7 


iy = 
Proof. i) Since = —7; t1, from (4.1) and (4.2), we get dual curvature of the curve 4 (51) as follows 
_ _ —-¥ — V2 4+ V2 


7 (1)? 


The proof of the statement (ii) can be given by the same way of the proof of statement (i). 


Corollary 4.1. The instantaneous Darboux vector of dual Smarandache ét-curves are given by 


t4 4.7 
1?" VP- 


ee a A ee 
li) dz = (94241)872 + 


27 ry 1 ~ 
eP+y7e fs VaPnis 
Proof: i) It is known that the dual instantaneous Darboux vector of dual Smarandache é¢-curve is d; = —71€1—91. 


Then, from (3.6), (4.1) and (4.6) we have (4.7). 
The proof of the statement (ii) can be given by the same way of the proof of statement (i). 


Theorem 4.4. Let @(3) = & be a unit speed regular dual timelike curve on unit dual Lorentzian sphere S?. If the ruled 
surface corresponding to dual timelike curve & is developable then the ruled surfaces corresponding to dual Smarandache 
curves are also developable if and only if 


i 5(—3y7'+V27?-v2) 5! i —675(V27'+7—-27?) 5(1-6y7)+.V26" 
Do = Cana Gan  — W 0a= “ga aer apa? 
Proof. i) From (3.2) we have 
y=y—e(6+7A) w= n te (dr +11 At) 


Then substituting these equalities into to equation (4.6) and separating its real and dual components, we have 


(5 + yA) (—3y7 + V27?- V2) 49/A4 7d! 
Gay Gol 


= + Vx — V2 
_ aA +v2A = V27 | 


rele ey) (72 - phe 


Since the ruled surface corresponding to dual Lorentzian curve a is developable, A = 0. Hence, 
=o + V28 — V27 | 6 (3897 + V2? - v2) 5 

2 3/2 o 2 5/2 a 3/2 

eed (y=) Oe) 
Thus, the ruled surfaces corresponding to dual Smarandache curves are developable if and only if 
6 (—3y7/' + V2? — V2) 6! 
2 5/2 ae 2 3/2° 
(—1) ce = 2) 


The proof of the statement (ii) can be given by the same way of the proof of statement (i). 


1 +e (61 +71 Ai) = 


j= 


Theorem 4.5. The relationships between the radius of dual curvature of dual Smarandache ét-curves and the dual curvature 
of G are given by 


(7 - 1°) (272 +1)°” 


RR, = — ii) Ra = (4.8) 
ile —1)° = (9 - v7 + v379)" /ler +1) — (v29 +7 +253)"| 
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Proof. i) Substituting equation (4.6)into to equation (3.3), the radius of dual curvature is 


: 1 (a? -1)°| 


- i (aan) - ile -1)° - (-y - 27+ v353)"| 


Ry = 
(qP=ayet? 


: ena” 
Then, Ry = . 
y|2—8-(a vata) 
The proof of the statement (ii) can be given by the same way of the proof of statement (i). 
In the following sections we define dual Smarandache é@, ¢g and étg curves. The proofs of 
the theorems and corollaries of these sections can be given by using the similar way used in 
previous section. 


Dual Smarandache é@ -curves of a timelike curve lying on S? 
Definition 4.2. Let a(5) = a be a unit speed regular dual timelike curve lying fully on unit dual 
Lorentzian sphere and Le, i ghbe its moving Darboux frame. The dual curve a3 defined by 


a3 = = (E+ 9) 

3 V2 g 
is called the dual Smarandache é§-curve of @ and fully lies on $?. Then the ruled surface 
corresponding to a3 is called the Smarandache é€g-ruled surface of the surface corresponding to 
dual timelike curve a. 


Now we can give the relationships between a and its dual Smarandache ég-curve a3 as 
follows. 


Theorem 4.6. Let a(5) = a be a unit speed regular dual timelike curve lying on unit dual Lorentzian 
sphere S?. Then the relationships between the dual Darboux frames of & and its dual Smarandache 
€g-curve 3 are given by 


ss il 0 1 es 
] v2 - v2 . 
ts J={[ 0 1 0 t 
~ —1 1 ~ 
93 2 wl \9 


Theorem 4.7. Let a(S) = & be a unit speed regular dual timelike curve on unit dual Lorentzian sphere 


S?. Then according to dual Darboux frame of &, the dual Darboux formulae of dual Smarandache ég-curve 
3 are as follows 


dé3 me 
- 0 1 0 2 
diy |_| V2 gg v4 i 
ds3 4y 1+7 

dg OG 228 oy g 
ds3 at+1 


Theorem 4.8. Then the relationship between the dual curvatures of & and its dual Smarandache ég-curve 
Q3 1s given by 
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Corollary 4.2. Relationship between the dual curvature of & and Instantaneous Darboux vector of dual 
Smarandache €g-curve is given by 


ta VAY gs NE 
d3 = = rr =9 
Lay Lap y 
Theorem 4.9. Let a(s) = a be a unit speed regular timelike curve on unit dual Lorentzian sphere 
S?. If the ruled surface corresponding to dual timelike curve a is developable then the ruled surface 
corresponding to dual Smarandache ég-curve is also developable if and only if 
26 

orl 
Theorem 4.10. The relationship between the radius of dual curvature of dual Smarandache €g-curves 
and the dual curvature of & is given by 


53 = 


=. . VPFI 
Ja ia 


Dual Smarandache /@ -curves of a timelike curve lying on $? 
Definition 4.3. Let a(5) = @ be a unit speed regular timelike curve lying fully on unit dual 


Lorentzian sphere $? and {é,t, 7}be its moving Darboux frame. The dual Smarandache curves 
defined by 


Day=V2t+G =i A =F + V2G : 
are called the dual Smarandache tg-curves of dual timelike curve 4. 44 and ds fully lies on Hj 
and S?, respectively. 


Now we can give the relationships between @ and its dual Smarandache tg-curves as follows. 


Theorem 4.11. Let a(s) = a be a unit speed regular timelike curve lying on unit dual Lorentzian sphere 
S?. Then the relationships between the dual Darboux frames of & and its dual Smarandache tg-curves are 


given by 
- 0 V2 1 : : 0 1 V2 
a o. v2 y V2 a ee eee 1 V2¥ x 
i) | ta -_ V7242 /F7?4+2 4/7242 t ii) | ts -_ Ji-? Vi-P? Si-¥ 
du te LG is eo, Sa 
VP42 7242/5242 Ji? Vi? Vi 


Theorem 4.12. The relationships between the dual Darboux formulae of dual Smarandache tg-curves 
and dual Darboux frame of & are given by 


dé4 v2 oy V2q 
ds4 virt? V¥+2 V 77+2 e€ 
i) | da _ —V 297 +73 +27 ek 2 Sena Ea 7427? 42/247 ; 
dea (7242)" , __ +2) (7?+2)" i 
Fr 27/—-V277-2V2 — 73 -294V2777 —V273— 2V/254 257 g 
= 2 
(+2) (?+2) +2)" 
dé z v2y = 
dae V1-7 VJ 1-7? VJ 1-7? é 
ii) | # |= 2 nt a Ae eile V272-V274 i 
gs (1-7?) (1-7?) a oe a 
dss YaVPPtVE 27-27 4VP97_YB9—V2Y HG g 
vo 


ir Gay a)" 


THEA 


Ket 
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Theorem 4.13. Let a(5) = a be a unit speed regular timelike curve on unit dual Lorentzian sphere oF 
Then the relationships between the dual curvatures of & and its dual Smarandache tg-curves are given by 


_ P=-Vv27/42 


=, t+vay— v2 
aye 


i) = ii) 5 = (1- 72)8/2 


Corollary 4.3. The instantaneous Darboux vectors of dual Smarandache tg-curves are given by 


PIV ay 42 Z 

i) d, = = aa e€ + (72 zat + (52 2587? g 

a _ ~ ~t ~ QA! 72 = 
ii) ds —— = 4 aaa ae 


Theorem 4.14. Let a(5) = a be a unit speed regular timelike curve on unit dual Lorentzian sphere and 
Q4 and ds be the dual Smarandache tg-curves of a. If the ruled surface corresponding to dual timelike 
curve & is developable then the ruled surfaces corresponding to dual Smarandache tg-curves are also 
developable if and only if 
ve 28! | 5(79+27-3V277') 


(P42) 


a oe Aig ave i) 
(P42) Gina? (?-+2)°/ 


Theorem 4.15. The relationships between the radius of dual curvature of dual Smarandache tg-curves 
and the dual curvature of & are given by 


3/2 


je ce) HRS 
J |2+2)8—(4?7-v24'42)"| 


emo eT 


Dual Smarandache é¢@ -curves of a dual timelike curve lying on $? 
Definition 4.4. Let a(5) = a be a unit speed regular dual timelike curve lying fully on unit dual 
Lorentzian sphere and {é, i, ghbe its moving Darboux frame. The dual Smarandache curves 
defined by 

i) ag = €+ V3E+4 Gi) a, = é+it+g 
are called the dual Smarandache étg-curves of dual timelike curve @. Gg and 47 fully lies on FR é 
and S?, respectively. 


Now we can give the relationships between @ and its dual Smarandache étg-curves as follows. 


Theorem 4.16. Let a(s) = 4 be a unit speed regular dual timelike curve lying on unit dual Lorentzian 
sphere S?. Then the relationships between the dual Darboux frames of @ and its dual Smarandache 
etg-curves are given by 


: 1 V3 1 - 
-{ 3 V3 144 V34 st 
| te | =| Soq—27e2 foq—2742  \/292-2942 t 
G6 27-1 v37-v3 7-2 g 

Jf 272-2742  \/25?-2542 4 /27?-2742 

a i: a a a 

oe 1 144 7 ~ 

W\ t |=| Pe a : 

j ee ey 

‘ V=2H V=2y 27 


Theorem 4.17. The relationships between the dual Darboux formulae of dual Smarandache étg-curves 
and dual Darboux frame of & are given by 
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—_ v3 Peer e ees —__v3F__ 
ae6 VV 272-2742 VV 242-2742 VV 292-2742 S 
ail mile J3q! = 2859! +278 +42 (8=39)7'42V8(74-794277 741) 294429-V37' (9-2) é 
i) dg ~ (272-2742) (2972-2742 ? (252-2742)" a 
I6 35m (9x38 4541952 _— 
dso 39/ +2393 -4V39244V37-2V8 V8 95/+.V39/ 4274-299 427-2 397 —2V38(27° +7 fay -7) g 
(29? -274+2) (297?-274+2) (2977-2742) 
déz 1 eee 7 
ds7 papal 2 y =?7 3 427 3 / £ 
ii)| #2 yay =2y ayy 27429" 27? -29° — 99 7 
ds7 7 4y ay ; ay . 
497. yf! 427° -27 walt 2y 9589! -27? 4.958 9g 
ds7 ay 472 472 


Theorem 4.18. Then the relationships between the dual curvatures of a and its dual Smarandache 
étg-curves are given by 


y/ — 27344724742 ee) = 27-277 -7/ 
—_____ i) n= “ye 


(292-2742)? 


i) ¥% = 


Corollary 4.4. The Instantaneous Darboux vectors of dual Smarandache étg-curves are given by 


i) oo V3y7/ +673 —1077+107—4 a 37/ +4372 -8V377+8V37—-4V3 i4 V37/+473—1077+107-6 ~ 
65> 9522549 3/2 m2 2542 3/2 242-2742 3/2 
(27° -27+2) die: eee (277 -27+2) 
Er eee Sa ne Ay gaa a 
ii) d7 = 1, é4 aa t4 : 
7 Cay? © T Cag? °T Capp? 9 


Theorem 4.19. Let a(s) = & be a unit speed regular timelike curve on unit dual Lorentzian sphere 
S? and Gi and G7 be the dual Smarandache étg-curves of . If the ruled surface corresponding to dual 
timelike curve & is developable then the ruled surfaces corresponding to dual Smarandache étg-curves are 
also developable if and only if 


i)6 5(—3V37/+6V377/ +2474 5873 +-727?—A8 7414) V3! 
i)dg = - 
g (2y2—27-+2)°/? © (272 =24y+2)9/? 
5 fp a) ge 
PS Caer Sea 


Theorem 4.20. The relationships between the radius of dual curvature of dual Smarandache étg-curves 
and the dual curvature of & are given by 


ye 


(277-2742 


i) Re = 


yler 25-+2)9—(—V3q!—278-+4472—47 +2) | 
\21??| 


/|(-29)8-27-22-F | 


ii) R7 = 
Example 4.1. Let consider the dual timelike curve 4(8) lying on S? given by the parametrization 
a(s) = (sinh s,0,cosh s) + ¢ (v3 scosh s,0, V3 ssinh s) 
The curve a(s) represents the ruled surface 
y(s,v) = (2 sinh s, V3 s,2cosh s) + vu (sinh s,0,cosh s) 


which is a spacelike ruled surface rendered in Fig. 1. Then the dual Darboux frame of a is 
obtained as follows, 


(s) = (sinh s,0, cosh s) + € (V3 cosh s, 0, V3 ssinh s) 


(s) = (cosh s,0,sinh s) + ¢ (V3ssinh s, —2, 3 scoshs) 
g(s) = (0, 1,0) + € (—2 cosh s, 0, —2sinh s) 
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The Smarandache ét, tg, €g, and étg curves of the dual timelike curve @ are given by 


dy(s) = (sinhs + V2coshs, 0, coshs + V2sinhs) 

+e (V3 scosh s + Y6ssinhs, —2\/2, /3ssinhs + V6 s cosh s) 
do(s) = (V2sinh s+ coshs, 0, V2 cosh s + sinh s) 

+e Se hl —2 , V6 ssinh s + V3 scosh s) 


a3(s) = (45 sinh s, 4 en Jy cosh s ) +€ (ve 2 cosh s, 0 , Be 2 sinh s) 


da(s) = (V2coshs, 1, /2sinhs) 
+e (V6 ssinh s —2cosh s, —2/2, V6 scoshs — 2sinh s) 
As(s) = (cosh s, V2,sinh s) +¢é (V3s sinh s — 2\/2coshs, —2, /3 scosh s — 2/2 sinh s) 
d6(s) = (sinhs + V3coshs, 1,coshs + V3sinh s) 
+e ( (V3s5 — 2) cosh s + 3ssinh s, —2V/3, (V35 — 2) sinh s + 3s cosh s) 
a7(s) = (sinh s + coshs, 1,coshs + sinhs) 
+e ( (V3s - 2) cosh s + V3 ssinhs, —2, (V3s _ 2) sinh s + V3 s cosh s) 


respectively. From E. Study mapping, these dual spherical curves correspond to the following 
ruled surfaces 


yi(s,v) = (2 sinh s, V3 s,2 cosh s) + (/2cosh s +sinhs, 0, coshs + V2sinh s) 
o(s,v) = (- Soave. Bs, —/2sinh s) ) sw (ocala t4/Zemna, 0, V2cosh s + sinh s) 
y3(s,v) = (2sinh s, V3 s, 2cosh s) +0(5 sinh s, ee Js cosh s) 

ya(s,v) = (2sinh s, 3s, 2 cosh - 0 (Vea 1, V2sinh s) 

ys5(s,v) = (2sinhs, /3s,2coshs) +v ae ane s) 

Ye(s,v) = (2 sinh s, V3 s,2.cosh s) + v(V3 Soak. + sinh s, 1, coshs + V3sinh s) 

y7(s,v) = (2sinh s, /3s,2coshs) + v(coshs+sinhs, 1, make + sinh s) 


respectively. These surfaces are rendered in Fig.2, Fig. 3, Fig. 4, Fig. 5, Fig. 6, Fig. 7 and Fig. 8 
respectively. 


Figure 1. Spacelike ruled Surface (s, v) with spacelike ruling 
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Figure 2. Timelike Smarandache ruled Surface y(s, v) with spacelike ruling 


Figure 3. Timelike Smarandache ruled Surface y2(s, v)with timelike ruling 


Figure 4. Timelike Smarandache ruled surface y3(s,v) with spacelike ruling 
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Figure 5. Timelike Smarandache ruled surface y4(s, v) with timelike ruling 


Figure 7. Timelike Smarandache ruled surface y¢(s, uv) with timelike ruling 


Figure 8. Timelike Smarandache ruled surface y7(s,v) with spacelike ruling 
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